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Abstract
This article is a contribution to the study of the automorphism groups of finite linear spaces.
In particular we look at simple groups and prove the following theorem:
Let G = PSU(3, q) with q even and G acts line-transitively on a finite linear space S.
ThenS is one of the following cases:
(i) A projective plane;
(ii) A regular linear space with parameters (b, v, r, k) = (q2(q2 − q + 1), q3 + 1, q2 − q +
1, q + 1). This is called the Hermitian unitary design.
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1. Introduction
A linear spaceS is a setP of points, together with a setL of distinguished sub-
sets called lines such that any two points lie on exactly one line. This paper will be con-
cerned with linear spaces with an automorphism group which is transitive on the lines.
This implies that every line has the same number of points and we shall call such a linear
space a regular linear space. We shall assume thatP is finite and that |L| > 1.
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Let G and S be a group and linear space such that G is a line-transitive auto-
morphism group of S. We further assume that the parameters of S are given by
(b, v, r, k) where b is the number of lines, v is the number of points, r is the number
of lines through a point and k is the number of points on a line with k > 2. From the
assumption that G is transitive on the setL of lines, it follows that G is also transitive
on the setP of points. This is a consequence of the theorem of Block in [1].
The groups of automorphisms of linear spaces which are line-transitive have been
considered by Camina, Praeger, Neumann, Spiezia and so on (see [3–5,8,14,15,17,21]).
In this article, we prove the following theorem:
Main Theorem. Let G = PSU(3, q) with q even and G act line-transitively on a
finite linear spaceS. ThenS is one of the following cases:
(i) A projective plane;
(ii) A regular linear space with parameters (b, v, r, k) = (q2(q2 − q + 1), q3 + 1,
q2 − q + 1, q + 1). This is called the Hermitian unitary design.
The second section describes the notation and contains a number of preliminary
results about the group PSU(3, q) and regular linear spaces. In the third section, we
shall give the proof of the Main Theorem.
2. Some preliminary results
We begin with stating some fundamental properties of PSU(3, q). Let G =
PSU(3, q) and q = 2f and f  2. It is well known that the order of G is q3(q3 +
1)(q2 − 1)/d = q3(q − 1)(q + 1)2((q2 − q + 1)/d), where d = (3, q + 1). No
prime divides more than one of these factors. Let Q be a Sylow 2-subgroup of G.
Lemma 2.1
(i) G has the unique conjugacy class of involutions.
(ii) CG(i) = Q : q+1d , where d = (3, q + 1).
Proof. This is an immediate corollary to Table 2 of [20]. 
Lemma 2.2
(i) Z(Q) is isomorphic to the additive group of the finite field GF(q), Q′ = Z(Q)
and each involution in Q contains in Z(Q).
(ii) G has precisely q3 + 1 Sylow 2-subgroups.
(iii) G acts 2-transitively on the set of size q3 + 1.
(iv) Q1 ∩ Q2 = {1}, where Qi, i = 1, 2, is a Sylow 2-subgroup and Q1 /= Q2.
Proof. (i)–(iii) follow from Theorem 10.12 of Chapter II of [10]. By Lemma 2.1,
the number of involutions in G is (q3 + 1)(q − 1), and so assertion (iii) holds. 
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Lemma 2.3 ([9]). Let d = (3, q + 1). Every maximal subgroup of G = PSU(3, q),
where q = 2f and f  1, is isomorphic to one of the following groups:
(1) [q3] : q2−1
d
, parabolic subgroup,
(2) q+1
d
× PSL(2, q),
(3)
( q+1
d
× Zq+1
) · S3,
(4) (Z(q2−q+1)/d) · 3,
(5) PSU(3, 2m), where f/m is an odd prime that greater than 3,
(6) PSU(3, 2m) · 3, where f/m = 2 or 3,
(7) A group of order 36, where f = 1.
Lemma 2.4. Let t be a prime divisor of the order of G = PSU(3, q), where q = 2f
and f  2, and let T be a Sylow t-subgroup of G. Then
(1) when t = 2, NG(T ) = Q : q2−1d ;
(2) when t |(q + 1) and t /= 3, NG(T ) =
( q+1
d
× Zq+1
) · S3;
(3) when t |(q − 1), NG(T ) = q+1d × D2(q−1);
(4) when t |(q2 − q + 1) and t /= 3, then NG(T ) = (Z(q2−q+1)/d) · 3.
Proof. This is an immediate corollary to Lemma 2.3. 
Remarks
(i) When f  7, by [23], there is a primitive prime divisor p > 3 such that
p|(2f + 1) but p(2u − 1), where u < 2f . Thus q + 1 does not divide 3|PSU(3, 2m)|
for m < f . In this case, if (q + 1)/d divides the order of a subgroup of G, then this
subgroup does not contain in PSU(3, 2m), where m < f .
(ii) When f = 2 or 4, PSU(3, 2m) does not contains in G, where m < f ; when
f = 6, we have m = 2 and G contains the subgroups PSU(3, 4) and PSU(3, 4) : 3;
when f = 3, G contains the subgroups PSU(3, 2) and PSU(3, 2) : 3; when f = 5,
G contains the subgroup PSU(3, 2) but does not PSU(3, 2) : 3, and in this case, if
11 divides the order of a subgroup of G, then this subgroup does not contain in
PSU(3, 2).
(iii) PSU(3, 2) contains a normal subgroup of order 36.
Lemma 2.5 (Theorem 8.27 Chapter II of [10]). Every subgroup of G = PSL(2, pf )
is isomorphic to one of the following groups:
(1) An elementary abelian p-group.
(2) A cyclic group of order z, where z divides (pf ± 1)/d and d = (2, q − 1).
(3) A dihedral group of order 2z, where z is as above.
(4) The alternating group A4, in this case, p > 2 or p = 2 and 2|f.
(5) The symmetric group S4, in this case, p2f − 1 ≡ 0 (mod 16).
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(6) The alternating group A5, in this case, p = 5 or p2f − 1 ≡ 0 (mod 5).
(7) Zmp : Zt , where t divides (pm − 1)/d and q − 1.
(8) PSL(2, pm), where m|f, and PGL(2, pm), where 2m|f.
Further, when p is even, S4 cannot occur and so apart from the groups in (1) and
(7) every subgroup of G has precisely one conjugacy class of involutions.
From now on we suppose that G is an automorphism group of a linear space
S. Let G be line-transitive. Then S is a regular linear space. We assume that the
parameters of S are given by (b, v, r, k) where b is the number of lines, v is the
number of points, r is the number of lines through a point and k is the number of
points on a line. Recall the basic counting lemmas for linear spaces.
vr = bk, (1)
v = r(k − 1) + 1. (2)
Let
b(v) = (b, v), b(r) = (b, v − 1), k(v) = (k, v), and k(r) = (k, v − 1).
Obviously,
k = k(v)k(r), b = b(v)b(r), r = b(r)k(r), and v = b(v)k(v).
In terms of these parameters, Fisher’s inequality becomes b(r)  k(v).
Let L be a line ofS, and let GL be the setwise stabilizer of L in G. If G is line-
transitive, then G is point-transitive. Thus b = |G|/|GL| and v = |G|/|Gα|, and so
by (1) and (2)
k(v)|Gα| = b(r)|GL| (3)
and
k(k − 1) = |GL|(v − 1)|Gα| . (4)
The observation used often in this article is that if an involution in G does not fix
a point then the G acts flag-transitively, see [7]. In particular, if G = PSU(3, q) is
flag-transitive on S, then by [2] S is a Hermitian unitary design. Hence we can
ignore this possibility, and so we assume that each involution fixes at least one point.
The following lemmas are useful for the study of line transitive linear spaces.
Lemma 2.6 (Lemma 2 of [7]). Let G act as a line-transitive automorphism group of
a linear spaceS. Let L be a line and H a subgroup of GL. Assume that H satisfies
the following two conditions:
(i) |FixP(H) ∩ L|  2 and
(ii) if K  GL and |FixP(K) ∩ L|  2 and K is conjugate to H in G then H is
conjugate to K in GL.
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Then either (a) FixP(H) ⊆ L or (b) the induced structure on FixP(H) is also a
regular linear space with parameters (b0, v0, r0, k0), where v0 = |FixP(H)|, k0 =
|FixP(H) ∩ L|. Further, NG(H) acts as a line-transitive group on this linear space.
Lemma 2.7 (Lemma 2.7 of [16]). Let G act as a line-transitive automorphism group
of a linear space S. Let L be a line and let i be an involution of GL. Assume that
GL has a unique conjugacy class of involutions. If
|FixP(〈i〉) ∩ L|  2
and v is even, then G is flag-transitive or the induced structure on FixP(〈i〉) is a
regular linear space with parameters (b0, v0, r0, k0), where v0 = |FixP(〈i〉)|, k0 =
|FixP(〈i〉) ∩ L|. Further, NG(〈i〉) acts as a line-transitive group on this linear space.
Lemma 2.8 (Lemma 9 of [22]). Let G act line-transitively on a linear spaceS. Let
K be a subgroup of G. If K  GL for any line L ∈L, and K  Gα for some point
α ∈ P, then NG(K)  Gα.
Lemma 2.9 (Lemma 2.8 of [16]). Let G act line-transitively on a linear space S.
If there exists a prime number p such that p|b but p | v, then for some α ∈ P,
NG(P )  Gα, where P is a sylow p-subgroup of G.
Lemma 2.10 (Lemma 3.8 of [13]). Let G act line-transitively on a linear spaceS.
Assume that P is a Sylow p-subgroup of Gα for some α ∈ P. If P is not a Sylow
p-subgroup of G, then there exists a line L through α such that P ⊆ GL.
The following result of Manning (see theorem XIV of [18]) will prove useful in
calculating the number of fixed points of an element.
Lemma 2.11 (Lemma 2.1 of [19]). Let G be a transitive group on, let H = Gα for
some α ∈ , and let K  H. If the set of G-conjugates of K which are contained in
H form t conjugacy classes C1, C2, . . . , Ct with respect to conjugation in H, then
K fixes
t∑
i=1
|NG(Ki) : NH(Ki)|
points of , where Ki ∈ Ci for 1  i  t. In particular, if t = 1, that is if every G-
conjugate of K in H is conjugate to K in H, then K fixes |NG(K) : NH(K)| points
of .
Lemma 2.12. Let G act line-transitively on a linear spaceS. Let i be an involution
of GL, where L is a line ofS. If i has at least two fixed points, then
k >
v − |FixP(〈i〉)|
|FixL(〈i〉)| . (5)
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Proof. Consider the cycle decomposition of i acting on P. We know that i has
(v − |FixP(〈i〉)|)/2 cycles of length 2. Let |FixL(〈i〉)| = e and let L1, . . . , Le be
the lines ofS fixed by i. If mj denotes the number of 2-cycles of i which lie in Lj ,
where 1  j  e, then
2
e∑
j=1
mj = v − |FixP(〈i〉)|.
Since i has at least two fixed points, we have
ek > 2
e∑
j=1
mj .
Thus
k >
v − |FixP(〈i〉)|
|FixL(〈i〉)| .
The following lemmas are useful for the proof of the Main Theorem. 
Lemma 2.13. The equation
2x + 1 = 3y
there are two positive integer solutions x = y = 1 and x = 3, y = 2.
Proof. By [23], 22n − 1 always possesses 2-primitive prime divisor, unless n = 6.
Thus if x  4, then there exists a prime divisor p such that p|(2x + 1) and
p(22 − 1). Hence lemma is proved. 
Lemma 2.14. The following equations have no positive integer solutions for x and
y, where y  2 :
(1) 2y−1x2 − x = 25y−1 + 24y−1 + 23y−1 + 22y + 2y + 1;
(2) 27 · 2y−1x2 − 27x = 25y−1 − 3 · 24y−1 + 5 · 23y−1 − 3 · 22y + 3 · 2y − 3;
(3) 27 · 2y−2x2 − 27x = 25y−1 − 3 · 24y−1 + 5 · 23y−1 − 3 · 22y + 3 · 2y − 3.
Proof. (1) When y  3, this equation has no positive integer number solutions for
x and y. When y  4, let
x = A · 2y−1 − 1, A = B · 2y − 1, and B = C · 2y−2 − 1,
where A, B and C are positive integer numbers, then this equation becomes into the
following equation
C(24y−4C − 23y−1 − 22y−1 − 2y − 1) = 3 · 22y + 2y+1 − 1.
Since y  4 and C is a positive integer number, we have
C(24y−4C − 23y−1 − 22y−1 − 2y − 1) 24y−4 − 23y−1 − 22y
> 3 · 22y + 2y+1 − 1,
and so this equation has no positive integer number solutions for C and y.
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(2) Since 2y−1|(27x − 3), we have 9x − 1 = 2y−1A for some positive integer A.
Hence the equation becomes the following equation
22y−2A2 + 2yA = 3 · 24y − 32 · 23y + 15 · 22y − 32 · 2y+1 + 32A + 17. (6)
Since 2y |(9A + 17), we have 9A + 17 = 2yB for some positive integer B. Hence
Eq. (6) becomes the equation
23y−2 · B2 − 17B · 22y−1 + 9B · 2y
= 35 · 23y − 36 · 22y + 35 · 5 · 2y − 172 · 2y−2 − 1305 + 34B.
Since 2y−2|(34B − 1305), we have 34B − 1305 = 2y−2C for some positive integer
C. Hence this equation becomes the following equation
24y−4 · C2 + 1305C · 23y−1 − 34 · 17C · 22y−1 − 38C
= 4674267 · 22y − 15538635 · 2y + 26184951,
when y  12, the value of the left hand side of this equation is greater than that of
its right hand side, and so this equation has no positive integer number solutions for
C and y. When y < 12, it is not difficult to show that the equation has no positive
integer number solutions for C and y.
(3) Since 2y−2|(27x − 3), we have 9x − 1 = 2y−2A for some positive integer A.
Hence the equation becomes the following equation
22y−4A2 + 2y−1A = 3 · 24y+1 − 3223y+1
+15 · 22y+1 − 322y+2 + 32A + 35. (7)
Since 2y |(9A + 35), we have 9A + 35 = 2y−1B for some positive integer B. Hence
Eq. (7) becomes the equation
23y−5 · B2 − 35B · 22y−3 + 9B · 2y−1
= 35 · 23y+2 − 36 · 22y+2 + 35 · 5 · 2y+2 − 352 · 2y−3 − 5517 + 34B.
Since 2y−3|(34B − 5517), we have 34B − 5517 = 2y−3C for some positive integer
C. Hence this equation becomes the following equation
24y−8 · C2 + 5517C · 23y−4 − 34 · 35C · 22y−3 − 38C
= 173636055 · 22y−2 − 274829355 · 2y−1 + 230966883,
when y  17, the value of the left hand side of this equation is greater than that of
its right hand side, and so this equation has no positive integer number solutions for
C and y. When y < 17, it is not difficult to show that the equation has no positive
integer number solutions for C and y. 
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3. The proof of the Main Theorem
Now we prove our Main Theorem stated in Section 1.
Suppose thatS is not a projective plane. Then b(r) > 1. Thus by Lemma 2.9, for
any prime divisor t of b(r), NG(T )  Gα , where T is a Sylow t-subgroup of G and
α ∈ P. Since b||G|, we have t ||G|, that is t divides q3(q3 + 1)(q2 − 1)/d , where
d = (3, q + 1). Now we divide the proof into four cases.
Case 1. t = 2. In this case, by Lemmas 2.3, 2.4 and 2.9, Gα = NG(Q) = Q : q2−1d .
Thus G acts 2-transitively on P. By [11], D is a Hermitian unitary design.
Case 2. t |(q2 − q + 1) and t /= 3. In this case, by Lemmas 2.3, 2.4 and 2.9, Gα =
(Z(q2−q+1)/d) · 3. Since |Gα| is odd, the involutions in G do not fix any point in P.
Thus G is flag-transitive. By [2], Gα∼=Q : q2−1d , a contradiction.
Case 3. t |(q + 1) and t > 3. In this case, by Lemmas 2.3, 2.4 and 2.9, NG(T ) =
(Z(q+1)/d × Zq+1) · S3 and Gα = (Z(q+1)/d × Zq+1) · S3. Let M = Z(q+1)/d ×
Zq+1. Then Gα/M∼=S3. Since G has a maximal subgroup q+1d × PSL(2, q), we have
q+1
d
× D2(q+1) = (Z(q+1)/d × Zq+1) · 2  NG(T ) = Gα . Let h be an involution in
S3. Then 〈M,h〉 is isomorphic to q+1d × D2(q+1). Thus Gα has exactly 3(q + 1) in-
volutions. Note that CGα (i)  CG(i), and so CGα (i) = q+1d × Z2. It follows that Gα
has a unique conjugacy class of involutions. Now v = |G|/|Gα| = q3(q − 1)(q2 −
q + 1)/6 and v − 1 = (q + 1)(q5 − 3q4 + 5q3 − 6q2 + 6q − 6)/6. Since b(r) di-
vides (v − 1, |G|) = 3l (q + 1), where when 3||(q + 1) or 3  |(q + 1), l = 0; when
9||(q + 1), l = 1; when 27|(q + 1), l = 2. Since v is even, we have k(v) is even. Thus
by (3), we get 4(q + 1)/(3ud) divides |GL|, where u = 0 or 1, and if u = 1, then
27|(q + 1). In particular, when d = 1, 12(q + 1) divides |GL|. Thus GL is one of
the following subgroups: (1) q+1
d
× PSL(2, q); (2) Q : q2−1
d
; (3) PSU(3, 2m), where
f/m is an odd prime, and f = 3 or 6 (see Remarks (i) and (ii)); (4) PSU(3, 2m) : 3,
where f/m is an odd prime, and f = 3 or 6 (see Remarks (i) and (ii)).
We write H = 〈i〉, where i is an involution in Gα ∩ GL. Notice G and Gα all
have a unique conjugacy class of involutions. By Lemma 2.11,
|FixP(H)| = |CG(i) : CGα (i)| = q3/2.
Suppose that GL has a unique class of involutions.
By Lemma 2.7, we get a regular linear spaceS0 with parameters (b0, v0, r0, k0),
where v0 = |FixP(H)|, k0 = |L ∩ FixP(H)|. Further, NG(H) acts line-transitively
onS0. By Corollary 1 of [6], there exists an involution in NG(H) which acts semi-
regularly on points of S0. Thus by [7], we have k0 | v0. Since (q + 1, q3 − 2) = 1
or 3, we have (v0(v0 − 1), |NG(H)|/2) = v0 or 3v0. Hence b0 | 3v0. Recall that
W. Liu / Linear Algebra and its Applications 374 (2003) 291–305 299
b0k0(k0 − 1) = v0(v0 − 1),
and b0  v0. So we get a contradiction.
Suppose that GL has at least two conjugacy classes of involutions. In this case,
we divide discussion into four subcases:
Subcase (1). GL  q+1d × PSL(2, q).
Let N = GL ∩ PSL(2, q). Then N has at least two conjugacy classes of involu-
tions. Remember that 4(q + 1)/d divides 3|GL|, and so 4 divides |N |. By Lemma
2.5, we have N = (Z2)m : Zs , where m  2 and s|(2m − 1). Thus GL has (2m −
1)/s conjugacy classes of involutions. Let GL = q+13ud × N , where u = 0 or 1 ac-
cording as 9(q + 1) or 9|(q − 1). Then
|CGL(i)| =
2m(q + 1)
3ud
.
By Lemma 2.11
|FixL(H)| = 2
m − 1
s
· q
3 · q+1
d
2m · q+13ud
= 3
uq3(2m − 1)
2ms
.
Again by Lemma 2.12, we have
k >
v − |FixP(H)|
|FixL(H)| =
2m−1 · s · [(q − 1)(q2 − q + 1) − 3]
3u+1(2m − 1) . (8)
By (4) and (8), we have
|GL|(v − 1)
|Gα| =
2m−2s(q5 − 3q4 + 5q3 − 6q2 + 6q − 6)
3u+2
greater than
2m−1s[(q − 1)(q2 − q + 1) − 3]
3u+1(2m − 1)
(
2m−1 · s · [(q − 1)(q2 − q + 1) − 3]
3u+1(2m − 1) − 1
)
,
that is,
2m−1s[(q − 1)(q2 − q + 1) − 3]
3u+1(2m − 1) <
(2m − 1)(q5 − 3q4 + 5q3 − 6q2 + 6q)
6[(q − 1)(q2 − q + 1) − 3] + 1.
Therefore,
s <
3u(2m − 1)2
2m
· q
5 − 3q4 + 5q3 − 6q2 + 6q
(q3 − 2q2 + 2q − 4)2 +
18(2m − 1)
2mq(q − 1)2 .
It follows that
s <
3u(2m+2 − 7)
4
· q
2 − 3q + 5
q3 − 4q2 + 4q +
18
q(q − 1)2 . (9)
In case where u = 0, by (9) we get s = 1, and 2m = q = 4 or 8, contradicting the
fact that 12(q + 1) divides |GL| or t > 3. In case where u = 1, if 2m = q/4, then by
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(9) q = 8 and s = 1, contradicting the fact that 27|(q + 1); if 2m  q/2, then by (9)
s = 1.
Suppose that 2m = q. Then |GL| = q(q + 1)/9. By (3) and (4), we get
27q(k(r))2 − 54k(r) = q5 − 3q4 + 5q3 − 6q2 + 6q − 6,
that is
27 · 2f−1(k(r))2 − 27k(r) = 25f−1 − 3 · 24f−1 + 5 · 23f−1
−3 · 22f + 3 · 2f − 3.
By Lemma 2.14, this equation has no positive integer solutions for k(r) and f .
Suppose that 2m+1 = q. Then |GL| = q(q + 1)/18. By (3) and (4), we get
27q(k(r))2 − 108k(r) = 2(q5 − 3q4 + 5q3 − 6q2 + 6q − 6), (10)
that is
27 · 2f−2(k(r))2 − 27k(r) = 25f−1 − 3 · 24f−1 + 5 · 23f−1
−3 · 22f + 3 · 2f − 3.
By Lemma 2.14, this equation has no positive integer solutions for k(r) and f .
Therefore GL  q+1d × PSL(2, q).
Subcase (2). GL  Q : q2−1d .
Let Q1 = GL ∩ Q. Then we can assume that GL = Q1 : (q+1)s3ud , where d and u
are the same as above, and s|(q − 1). Let |Q1| = 2m, where m  2. Then by Lemma
2.11
|FixL(H)| = w3
uq3
2m
,
where w is the number of conjugacy classes of involutions in GL. By Lemma 2.12
we have
k >
2m−1[(q − 1)(q2 − q + 1) − 3]
3u+1w
.
Thus by (4) we get
2m−2s(q5 − 3q4 + 5q3 − 6q2 + 6q − 6)
3u+2
greater than
2m−1[(q − 1)(q2 − q + 1) − 3]
3u+1w
(
2m−1[(q − 1)(q2 − q + 1) − 3]
3u+1w
− 1
)
,
that is,
sw(q5−3q4+5q3−6q2 + 6q−6)> 2
m
3uw
·(q3−2q2−2q − 4)2−6q3. (11)
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Note that sw = |Z(Q) ∩ Q1| − 1. When u = 0, by (11) we get 2m = q = |Z(Q) ∩
Q1| and s = 1. In this case, by calculating more carefully, we can get
|GL|(v − 1)
|Gα| < k(k − 1),
a contradiction. When u = 1, then 27|(q + 1). In this time, if |Z(Q) ∩ Q1|  q/4,
then sw  q/4 − 1 and 2m/(3uw) > 1/3, which conflicts with (11); if |Z(Q) ∩
Q1| = q/2, then by (11) we get s = 1 and 2m = q; if |Z(Q) ∩ Q1| = q, then by
(11) we get s = 1 and 2m = q or 2m = 2q.
Suppose that |Z(Q) ∩ Q1| = q/2. Then |GL| = q(q + 1)/9 and
|FixL(H)| = 3q2 ·
(q
2
− 1
)
= 3q
2(q − 2)
2
.
Thus by (3) and (4), we have
27q(k(r))2 − 54k(r) = q5 − 3q4 + 5q3 − 6q2 + 6q − 6.
By Lemma 2.14, this equation has no positive integer solutions.
Suppose that |Z(Q) ∩ Q1| = q. In this case, |GL| = q(q + 1)/18 or q(q + 1)/9.
When the latter occurs, similarly, we can get Eq. (10). When the former occur,
|FixL(H)| = 3q2 ·
(q
2
− 1
)
= 3q
2(q − 2)
2
,
we get the equation
27q(k(r))2 − 108k(r) = 2(q5 − 3q4 + 5q3 − 6q2 + 6q − 6).
By Lemma 2.14, this equation has no positive integer solutions.
Therefore GL  Q : q2−1d .
Subcase (3). f = 3 and GL  PSL(3, 2) : 3.
In this case, |Gα| = 2 · 34 and 12 divides |GL|. Since |GL| < |Gα|, we have
|GL| = 12a, where 1  a  13. By (4)
k(k − 1) = 2 · 13 · 97 · a.
However, for the above values of a, this equation has no integer solutions for k.
Subcase (4). f = 6 and GL  PSL(3, 4) : 3.
In this case, |Gα| = 2 · 3 · 52 · 132 and 22 · 3 · 5 · 13 divides |GL|. Since |GL| <
|Gα|, we have |GL| = 22 · 3 · 5 · 13a, where 1  a  32. By (4)
k(k − 1) = 2 · 5653 · 30211 · a.
However, for the above values of a, this equation has no integer solutions for k.
Case 4. t |(q + 1) and q + 1 = 3i , where i  1.
By Lemma 2.13, we have q = 8. Thus T = (Z3 × Z9) · 3 and NG(T ) =
( q+1
d
×
Zq+1
) · S3 = T : 2, and so Gα = T : 2. We can get 12 divides |GL| as in Case 3.
Let |GL| = 12a. Then, by |GL| < |Gα|, 1  a  13. By (4)
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k(k − 1) = 2 · 13 · 97 · a.
However, for the above values of a, this equation has no integer solutions for k.
Case 5. t |(q − 1).
Now by the above four cases we can assume that b(r) divides q − 1. Since
NG(T ) = q+1d × D2(q−1), we have, by Lemmas 2.4 and 2.9, Gα = q+1d × D2(q−1)
or
q+1
d
× PSL(2, q).
Suppose that Gα = q+1d × D2(q−1), by (3) and Lemma 2.10, we have 4(q + 1)/d
divides |GL| (note that here v is even, and so k(v) is even). Therefore, by |Gα| <
|GL| and Lemma 2.3, we have GL contains in one of the following subgroups: (1)
q+1
d
× PSL(2, q); (2) Q : q2−1
d
; (3) PSU(3, 2m), where f/m is an odd prime, f = 3
or 6 (see Remarks (i) and (ii)); (4) PSU(3, 2m) : 3, where f/m is an odd prime,
f = 3 or 6 (see Remarks (i) and (ii)).
Let H = 〈i〉, where i is an involution in Gα ∩ GL. Notice G and Gα have all the
unique conjugacy class of involutions. By Lemma 2.11,
|FixP(H)| = |CG(i) : CGα (i)| = q3/2.
Suppose that GL has a unique class of involutions. Similarly, we can get a con-
tradiction as in Case 3.
Suppose that GL has at least two conjugacy classes of involutions. In this case,
we divide discussion into four subcases:
Subcase (1). GL  q+1d × PSL(2, q).
Let N = GL ∩ PSL(2, q). Then N has at least two conujagcy classes of involu-
tions. Remember that 4(q + 1)/d divides |GL|, and so 4 divides |N |. By Lemma 2.5,
we have N = (Z2)m : Zs , where m  2 and s|(2m − 1). Thus GL has (2m − 1)/s
conjugacy classes of involutions. By Lemma 2.11
|FixL(H)| = 2
m − 1
s
· q
3 · q+1
d
2m · q+1
d
= q
3(2m − 1)
2ms
.
Again by Lemma 2.12, we have
k >
v − |FixP(H)|
|FixL(H)| =
2m−1 · s · q3
2m − 1 . (12)
By (4) and (12), we have
|GL|(v − 1)
|Gα| >
2m−1 · s · q3
2m − 1 ·
(
2m−1 · s · q3
2m − 1 − 1
)
,
that is,
2m−1 · s · q3
2m − 1 <
(q3 + 2)(q2 + q + 1)(2m − 1)
2q3
+ 1.
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Therefore,
s <
(2m − 1)2
2mq
· (q
3 + 2)(q2 + q + 1)
q5
+ 2
q3
.
Note that q  4, and so when 2m  q/2, we have s < 1, a contradiction; when 2m =
q, we have s < 2, and it follows that s = 1. In this time, GL = q+1d × (Z2)f and
|GL| = q(q+1)d . Hence by (4), we have
k(k − 1) = q(q
3 + 2)(q2 + q + 1)
4
.
By (3), we get k(v) = q/2 = 2f−1. Thus we have
2f−1(k(r))2 − k(r) = 25f−1 + 24f−1 + 23f−1 + 22f + 2f + 1. (13)
By Lemma 2.14, this equation has no positive integer solutions for k(r) and f .
Therefore GL  q+1d × PSL(2, q).
Subcase (2). GL  Q : q2−1d .
Recall that 4(q+1)
d
divides |GL|, and we can assume GL = Q1 : (q+1)ld , where
l divides q − 1 and Q1  Q and |Q1| = 2m with m  2. Suppose that GL has u
conjugacy classes of involutions. Then by Lemma 2.11, we have
|FixL(H)| = u · q
3(q + 1)
2m(q + 1) =
uq3
2m
.
By Lemma 2.12, we have k > 2
m−1q3
u
. By (4), we get
2m−1l(q3 + 2)(q2 + q + 1) > 2
m−1q3
u
(
2m−1q3
u
− 1
)
.
It follows that
lu(q3 + 2)(q2 + q + 1) > 2
m−1q6
2m
− q3 > q
6
2
− q3. (14)
Note that GL contains exactly |Q1 ∩ Z(Q)| − 1 involutions. Thus lu = |Q1 ∩
Z(Q)| − 1. If Z(Q)  Q1, then lu  q/2 − 1, and so by (14) we have
(q − 2)(q3 + 2)(q2 + q + 1) > q6 − 2q3,
that is,
(q3 + 2)(q2 + q + 1) < 3q3 − 2,
this is impossible. Thus Z(Q)  Q1, and so by |GL| < |Gα|, we get l = 1. By (3),
we get k(v) = q/2. Thus by (4), we have
2f−1(k(r))2 − k(r) = 25f−1 + 24f−1 + 23f−1 + 22f + 2f + 1. (15)
This equation is the same (13), and so we obtain a contradiction again.
Subcase (3). f = 3 and GL  PSL(3, 2) : 3.
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In this case, |Gα| = 2 · 3 · 7 and 12||GL|. By (3), we can assume that |GL| = 12a,
where 1  a  3. By (4) we get the equation
k(k − 1) = 37522a.
However, when a = 1 or 2 or 3, this equation has no positive integer number solu-
tions for k.
Subcase (4). f = 6 and GL  PSL(3, 4) : 3.
In this case, |Gα| = 2 · 32 · 5 · 7 · 11 and 22 · 5 · 11 divides |GL|. By (3), we can
assume that |GL| = 220a, where 1  a  31. By (4) we get the equation
k(k − 1) = 1090789506a.
However for the above values of a, this equation has no positive integer number
solutions for k.
Therefore Gα /= q+1d × D2(q−1), and so we can assume Gα = q+1d × PSL(2, q).
Recall that b(r)|(q − 1). Thus by (3) we get q(q + 1)2/d divides |GL|, and so by
Lemma 2.3 we have
GL 
q + 1
d
× PSL(2, q) = Gα.
Let N = GL ∩ PSL(2, q). Then q(q + 1) divides |N |. By Lemma 2.5 we have N =
PSL(2, q). This leads to b = v, and so D is a projective plan, a contradiction.
This completes the proof of the Main Theorem.
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